Introduction.
The Peter-Weyl theorem asserts that if G is a compact group, then the matrix elements of a complete system of inequivalent irreducible unitary representations form a complete orthogonal system of functions in the Hubert space of complex-valued square-integrable functions on G. When G is the circle (the real numbers modulo 27r), then the irreducible representations are all one-dimensional, and are, in fact, the functions exp (inx). The Peter-Weyl theorem, then, makes it possible to generalize the concept of Fourier series to arbitrary compact groups and it asserts the convergence in the mean of the Fourier series of a function in L2. Of course a sequence of functions may converge in the mean without converging at any point. For classical Fourier series there are several theorems concerning the pointwise convergence or summability of Fourier series. Two of the principal results of this type are Fejer's theorem which asserts the (C, 1) convergence of the Fourier series at a point of continuity and the Fejer-Lebesgue theorem which asserts the (C, 1) convergence, almost everywhere, of the Fourier series of a function in L1. The direct analogue of Fejer's theorem has been proved when G is a countable product of groups of order two by J. L. Walsh and N. J. Fine. Walsh proved the theorem in a different setting [13, Theorem VII] , and the group theoretic character was pointed out by Fine [4, Theorem XVII].
It is the major objective of this paper to prove analogues of Fejer's theorem and the Fejer-Lebesgue theorem when G is the group of quaternions of norm one. The direct analogues are no longer true but if we use the concept of the character series (see Definition 2.4) instead of the Fourier series and use (C, 2) summation instead of (C, 1) summation, then we obtain Theorems 9.6 and 10.1. In connection with Theorem 9.6 it is interesting to note the comment by Chandrasekharan and Minakshisundaram [2, p. 752 ] to the effect that for a torus of dimension n, at a point of continuity of /, the multiple Fourier series is uniformly summable (v, k) for k> (n -l)/2. It should also be pointed out that Theorem 10.1 is actually a special case of a general theorem on Jacobi polynomials [ll, Theorem 9.1.4] since except for a normalizing factor the functions (sin «x)/(sin x) (essentially the characters of the group of quaternions of norm one) are Pn/2,1/2\y) where y = cos x. Nevertheless it was thought that the approach followed here, being more in the spirit of classical Fourier series, would be of interest.
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2. Some general definitions. We shall assume that G is compact and satisfies the second axiom of countability in which case it follows from the Peter-Weyl theorem that the set of irreducible representations, and therefore the set of matrix elements {m%\ (the function in the t'th row and jth column of the ath representation)
is countable (see [9, Theorem 22] ). We shall also assume that the Haar measure has been normalized so that the measure of G is one. Let us well order the set of functions \m"¡\ in any fashion, except that we must keep all the functions from a given representation together. (2.1) Definition.
By the Fourier series of a function/in Ll we mean the series
where ra is the degree of the ath representation (which must be introduced to normalize the functions m%).
It is easy to show (see [14, pp. 76-77] 
where Xa is the trace of the ath representation.
We now see that the sequence of partial sums of the series 22"-1 r<*(f * Xa) is a subsequence of the sequence of partial sums of the Fourier series.
(2.4) Definition.
We call the series QO (2.5) 22raf*xa the character series of the function/. It is clear that the convergence of the Fourier series implies the convergence of the character series although the converse is not true (as may be shown by an example).
The partial sums S" of the character series may, of course, be written in the form/ * 22*-i W-In this form they resemble Dirichlet's form for the partial sums of the classical Fourier series and will, indeed, reduce to this (') We call the sequence of constants fa\Kn(x)\dx the Lebesgue constants with respect to the kernels Kn.
(2.9) Theorem.
// the Lebesgue constants with respect to the kernels K" are uniformly bounded by the constant C and if each of the functions Kn converges to zero uniformly outside of every neighborhood of the identity, then f * Kn(x) converges to f(x) at each point of continuity if f is in L1. If f is continuous, then convergence is uniform.
The following proof of Theorem 2.9 is classical. For e>0 we choose a neighborhood U of the identity, e, so that
The last integral can be made arbitrarily small by choosing n sufficiently large since Kn approaches zero uniformly in C(Z7). If/ is continuous, it is uniformly continuous from which it follows that convergence of the / * Kn is uniform. by their values on a maximal abelian subgroup. Since the maximal abelian subgroup is a torus it is often easier to work with central functions and then to generalize by means of Theorem 3.2 (see [7, Hilfsatz 3] ).
For/ in L1 and 5 in G we denote by C,(J, x), or G(#)
when / is clearly understood, the function Jaf(stxt~1)dt.
(3.2) Theorem. For almost all s, C, is a central function and the convergence, to c, of the character series of f at the point s is equivalent to the convergence of the character series of C, to c at the point e.
Proof. Consider first the function/' on GXG defined by/'(¿, x) =f(stxt~1). Since the map sending (t, x) into stxt~l is continuous it follows that/' is measurable. In fact/' is integrable since
Consequently, by Fubini's theorem the function G(x) exists and is in Ll for almost all s. We see also thatG(e) =fGf(s)dt=fis).
To complete the proof of the theorem we need only consider the fact that
4. The group of quaternions of norm one. Let us denote the group of quaternions of norm one by Q. It is well known that Q is isomorphic to the group of 2X2 unitary matrices of determinant one and is also the twosheeted simply connected covering group of the group of proper rotations of three space. Topologically speaking Q is the three sphere in four space. The characters of the irreducible representations are well known (see [10, p. 186] for example). It is easy to show that the conjugate class of an element x with real coordinate xi is the two-dimensional sphere consisting of all elements whose real coordinate is X\ so that 0(x) is a central function on Q. Given a central function / let us denote by F the function on the reals modulo 7r defined by 7. The Fejer kernels of the first order on Q. •'o
The last two steps follow from the fact that f |Fn(0)|¿0 Jo is uniformly bounded (see [6, p. 58] ) and from (5.6).
(7.3) Theorem.
For any x in Q there is a continuous function whose character series diverges for that x even when (C, 1) summability is used.
This theorem follows immediately from Theorems 7.1 and 2.7.
8. The Fejer kernels of the third order. 
We have finally
We see that the theorem follows from this last expression if we make use of the fact that ) is not (C, 2) summable to 0, one might guess that Fejer's theorem must fail when (G 2) summability is used. It is interesting to note that the volume element, sin2 0, is just enough to smooth the kernel function down to 0 at x and to make the analogue of Fejer's theorem true. for almost all 5. But
The lemma now follows from (10.4) and (10.5). Proof. is a sequence of integers with the property that Mt+i/«*> C> 1, then the subsequence Snk oí the sequence of partial sums of the Fourier series of / will converge almost everywhere. This theorem was first proved by Kolmogoroff. A proof by Marcinkiewicz [6, Theorem 83] shows that this is a simple consequence of the Fejer-Lebesgue theorem. In the group Q we may prove essentially the same theorem, although, because we have (G 2) convergence in the Fejer-Lebesgue theorem instead of (G 1) convergence, we shall need a lemma due to W. Meyer-König [8, Satz 2].
(11.1) Lemma. If (a") is a numerical sequence with Ostrowski gaps ii.e. there exists two increasing sequences of integers («,) aMd (m4') such that nl/n, >C>1, «('<«{+!, and an is zero if nf^n^ni) and if the series (a") is (G k) summable to s for some positive integer k, then any subsequence (smj) of the partial sums of the (a"), where ni^m¡^n't, converges to s.
(11.2) Theorem (Kolmogoroff). /// is a function of L2 on the group Q and ink) is a sequence of integers such that nk+i/nk>C>l then the subsequence iS"k) of the sequence of partial sums of the character series of f will converge to f almost everywhere.
Proof. If the character series of/ has Ostrowski gaps, then the theorem is a direct consequence of Theorem 10.1 (the Fejer-Lebesgue theorem on Q)
